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1. Introduction 

In this paper we consider the KP-I initial- value problem 

'dtu + dlu - d-^d^u + 9,(uV2) = 0; 
u{0) = 0, 
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on M^^ X Rj. The dispersion function for this dispersive equation is for {$,,fi) G 
M \ {0} X M 

^(e,/i) = e' + /^Ve 

In [2] three of the authors studied (11.11) with initial data in the space E Ci P 
defined below. (See the introduction and the references of [2] for a discussion 
of (11.11) . its relationship to the corresponding IVP for the KPII equation, and a 



J.C. is supported in part by an NSERC Grant. 

A.D.I, is supported in part by an NSF grant and a Packard Fellowship. 
C.E.K. is supported in part by an NSF grant. 
G.S. is supported in part by an NSF grant. 

1 



2 J. COLLIANDER, A. D. lONESCU, C. E. KENIG, AND G. STAFFILANI 

discussion of the spaces E and P in connection with (11.11) ). The main result in 
[2] is a weak form of local in time well-posedness (Theorem 1 in [2] ) for data 
which is small in E (1 P. Unfortunately, A. lonescu discovered a counterexample 
to the main estimate used in [2\ (Theorem 3 in ||2j) to establish Theorem 1. The 
example exhibits a logarithmic divergence in the estimate, which shows that the 
proof of Theorem 1 in [2] is incorrect. The same applies to Theorem 2 in [2]. 
The counterexample is explained in subsection 11.11 below. CoUiander, Kenig and 
Staffilani are very grateful to lonescu for pointing out this mistake and for joining 
them in this work. Here we obtain a strengthening of Theorem 1 in [2j which 
yields the strong form of local in time well-posedness for small data in E (1 P. 
This is Theorem 1 1 . 1 1 b elow . The logarithmic divergence is avoided by introducing 
new resolution spaces, inspired by those used by lonescu- Kenig ([21 SI [5]) in works 
on Benjamin-Ono equation and on the Schrodinger map problems. It seems very 
likely that using the tools developed here, a correct (and similarly strengthened) 
version of Theorem 2 in [2] could also be obtained. We have felt, however, that 
this would increase substantially the technicalities in an already very technical 
paper and we have therefore not pursued this issue. 

We conclude by mentioning that our main theorem does not give local well- 
posedness in E n P for large data; such a result would immediately yield global 
in time well-posedness. 



1.1. The counterexample. We start this section with some notation and by 
recalling some spaces of functions introduced in We denote the Fourier trans- 
form of a function f{x, y) as 

/(e, /i) = -F/(e, ^l)= I fix, y)e^«-'J^)-(5.A^)) dx dy. (1.2) 

Now let xa denote a smooth characteristic function of the set A. 

Definition. Let 9q{s) = Xl-i,i]{s)^ 9m{s) = X[2™-i,2™](|'5|), m G N. For 
(^,/i) G let Xi(^,/i) = X||g|>iM|, and X2(^,/i) = X||5|<il|i}- Let Xo(s) = 

X{\s\<i}, Xjis) = X{2^-i<|s|<2^} and w(^,/i) = (1 + |^| + |/i|/|^|). We define the 
space Xg^b through the norm 

XjiT - UJ{^, /i))Xl(^, /i)^m(0«^^1/P(^, f^, T)d^dfidT^ 
Xj{T - ^i^, ^))X2i^, lJ')9n{fJ'W'\f\'^i^, lJ',T)d^dfldT j . 

We also define the space 



j,m>0 
j,m>0 



ys,r,b = {f -.tf e Xs,b, and yf G Xr,b}, 
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and the spaces 

Zs,b = Xs^b n Ys^i-s,b, and = Zi_^ i. 
We recall here the statement of Theorem 3 in [2]: 

Theorem. Assume < cq < |. Then for any ^ < e < 1, we have 

, 1 < C\\u\\x^ ^ A\\v\\x^ ^ . + \\v\\'r ,\\v\\l J(1.3) 
+ C\\v\\x^ ,.iMx, +11^11x7 Jklly J 

This theorem unfortunately cannot hold since the following counterexample 
shows a logarithmic divergence. Let : M ^ [0, 1] denote a smooth function 
supported in the interval [—2,2] and equal to 1 in the interval [—1,1]. Assume 
1 is very large, /^) = 'C^ + A*^/^; and define 

/i, r) = - N)^i{fx - V3e)/mr - u^i^, /i)), (1.4) 

and 

v{^, /i, r) = - 4)V^((/i + V3e)/0Hr - ^(e, /i))- (1-5) 
Notice that in the definition ([Lll) \fi-V3N'^\ < CN and in the definition dUS]) the 
variable ^ is about 1 (bounded away from 0). The functions /i — > — \/3^^)/0 
in (11.41) and fx i'iil^ + V^^^)/0 (11-51) are essentially the characteristic 
functions of the intervals [VSiV^ _ ^p^2 ^ jyj ^^^^ [-16^3 - 1, -16^3 + 1] 
respectively. The precise formulas '?/'((/i — v^^^)/0 V^((/i + "\/3^^)/0 ^ire 
convenient for the nonlinear change of variables (11.141) . Then 

Mix, ~ N^-^'N^'^ \\u\\y, ~ Ari-^«ArV2 

M M-^l_eQ,l/2 ' M M-ri_eQ,_eQ,l/2 ' 



/2 



1. 



;i.6) 



So the right-hand side in (11.31) is 

RHS ^ N^-'^N^/^. (1.7) 

We look now at the left-hand side of (11.31) : the function u*v is supported in the 
set {(^, ij,t) -.1^- N\ <C and {jj - V3N^\ < CN}. So, 

j>0 

where Xi is the characteristic function of the set {s : |s| G [2-'^-'^, 2-'+-'^]}. Using 
(O), it would follow from (O) that 

5^ 2-^/'\\iu * t;) (e, /X, r)x,(r - .;(e, /.))| |^|^^^^ < CN~'/'. (1.8) 

We show now that if 100 < 2^ < N^/^° then 

1 1 {u * v) (e, /i, r)x,-(r - c.(e, /x)) 1 > c2^/'N-'/\ (1.9) 
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So the bound (11. 8p would fail by In since the sum in j has ^ InN terms. To 
prove ([L9]), by duality, it suffices to prove that if 100 < 2^ < N^/^'^ 

'^[V3N^~woN,V3N^+iooN]if^)Xj{r " f^)) d^dfidr > c2^ 

where 1a denotes the characteristic function of the set A. We substitute the 
formulas (11.41) and (II. 5p : the left-hand side of (11.101) becomes 

^(6 - iV)^((/ii - V3e,)/^i)Hn - - 6 - 4) 

i 

^((/i - /ii + y3(e - i^f)l{i - 6))^(r - n - - 6, - /^i)) 

l[Af-10,Ar+10] (Ol[V3Ar2_l007V,V37V2+100Af](/^)Xi(^ ~ ^(^5/^)) d^idflidTid^dfidr. 

(1.11) 

In this expression we make the change of variables 

6 = ^1, AH = /^i, ^ = 6 + 6, = /ii + /i2 

Ti = ;Ui + t^(^i, /xi), r = /i2 + /xi + u;(^i, /ii) + u;(6, /i2). 
Then we notice that 

7/>(6 - iV)^(e2 - 4)l[^_io,7v+io](6 + 6) = ^(6 - iV)^(6 - 4); 

= 7/>((/ii - v^eD/6)^((/i2 + v^e2)/6) if 6 e [iV - 2, iV + 2] and 6 G [2, 6]. 
Thus the expression in (11.111) becomes 



^v^(ei - iv)^((/ii - - 4)v^((/i2 + V3e2)/6)^(/^2) 

Xj(/xi + /X2 + Aii,^2,/X2)) d^idfj.idnid^2dfJ.2dfJ,2, 
where 

^(6, /^i, 6, At2) = 111) + u;(5, /i2) - uj{ii + 6, AH + Ai2) 



:i.l2) 



66 



(v^6 + v^6)'-(/^i/6-W6)' 



(1.13) 



6 + 6 

We make now the nonlinear change of variables 

/ii = V36' + /5i6, ^2 = -V?>e2 + /?26, (1-14) 
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with dfiidfi2 = C,iC,2dPidP2 ~ NdPidP2- The expression in f ll.l2p is bounded from 
below by 

{N/2) [ 7A(ei-iV)V^(A)^(/xi)V^(6-4)V^(/32)V^(/i2) ^ ^ 

Jme (1-15) 

+ 1^2 + ^{^1, Pi, 6, P2)) d^idPidixid^2dP2dH2, 

where, by (11.131) . 

A, 6, f32) = (A - f32)U2 (2V3 + 1^^) . (1.16) 

It follows from (ILTHD that if ^ G [iV - 1/100, + 1/100], 
6 e [4- 1/100,4+ 1/100], 

- /?2| e [[1/(8^3) - l/100]2ViV, [1/(8^3) + l/100]2ViV], 
/ii,/i2 e [-2,2], and 2^ e [100, A^ViO] then 

Xi(/ii + /i2 + ^^(ei,A,6,/?2)) = 1. 
Thus the only nontrivial restriction in the integral in (11.151) is 

- /?2| e [[l/(8v^) - l/100]2VAr, [1/(8^3) + l/100]2VAr], 

which shows that this integral is bounded from below by cN ■ 2^ /N = c2K This 
is the bound (11.101) . which implies (11.91) . 

1.2. The main theorem. In this section we introduce again the spaces of func- 
tions E and P already defined in [2] and state the main result that replaces 
Theorem 1 in P|. We define the energy space E, 

E = {<P:RxR^C: ;= || J(e, ;x) • (1 + K| + |/x/e|)||i| < 00}, (1.17) 

and the weighted space P, 

P = {0:MxR^C: ||0||p := \\iy + t) ■ 01^2 < 00}. (1.18) 
In Section [21 see (12. 8p . we will define a Banach space F "—>■ C {R : E (1 P); let 
Fi = {ueC(\-l,l]:EnP):\\u\\F,= inf < 00}. 

K=«on]R2x[--l,l] 

For any Banach space V and r > let B{r, V) denote the open ball {v & V : 
\\v\\v < r}. Our main theorem concerns local well-posedness of the KP-I initial 
value problem (II. ip for small data in E (1 P. 

Theorem 1.1. There are r,R & (0, 1], r < R, with the property that for any 
(f) & B{r, E n P) there is a unique u G -B(-R, Fi) such that 

{dt + dl~ d-^dl)u + d,{u'/2) = m C((-l, 1) : H-^)- 
n(0) = (p. 
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In addition, the mapping (p ^ u is Lipschitz continuous from B(r,E fl P) to 
B(R,F,). 

The rest of the paper is organized as follows: in section [2] we define the main 
normed spaces Xk, Y^, Vk, Wk, F, and A^, and prove some of their basic properties. 
As explained in subsection II. the use of standard X'^'^-type spaces seems to 
lead inevitably to logarithmic divergences in the modulation variable. To avoid 
these logarithmic divergences we work with high-frequency spaces that have two 
components: an X*'''-type component measured in the frequency space (see the 
space Xfc) and a normalized L^Ll ^ component measured in the physical space 
(see the space Yk). As in |3], [1], and [5], for the physical space component we 
use a suitable normalization of the local smoothing space L^L^^. 

In section |3] we prove two linear estimates. In section H] we prove Theorem I l.H 
using a direct perturbative argument in the Banach space Fi, and assuming the 
dyadic bilinear estimates (14. ip and (14.21) . The remaining sections are concerned 
with the proofs of (14. ip and (14.20 : in sections O and [H] we prove preliminary linear 
estimates and an bilinear estimate. In sections [TJ El and Owe prove the dyadic 
bilinear estimate (14. ip . In section [TU] we prove the dyadic bilinear estimate (14.20 . 

2. The resolution spaces 

In this section we define the main normed spaces we will use in the rest of the 
paper, and prove some of their basic properties. Let Z+ = Z fl [0, oo). For G Z 
let 4 = : 1^1 e [2'=-i,2'^+i]}, 4 = 4 if A; > 1, 4 = [-2,2] if = 0, and 
4 = if ^ < — 1- Let fiQ : M. ^ [0, 1] denote an even smooth function supported 
in [-8/5,8/5] and equal to 1 in [-5/4,5/4]. For A; e Z let Xfe(0 = /Uo(^/2'^) - 
Ho{^/2^-^). Let Hk = Xk for A; G Zn [1, oo) and /i^ = for G Zn (-oo, -1]. Let 

X[ki,k2] = ^Xk for any ki < k2 E Z. 

k=ki 

and, for j G Z, 

j oo 

fi<j = fij' and fi>j = fij'. 

j'=-oo j'=j 

For (^,/x) G M \ {0} X M let 

^(e,/i) = e' + /iVe. (2.1) 

We define the relevant KP-I regioi£| 

Rkp-i = {(e,/x,r) G : 1^1 > 1, |/i| G my2'^,2'^ ■ 1^^], |r - ^(e,/i)| < |^|}. 

(2.2) 



^The main difficulties of the KP-I problem, including the counterexample of subsection ll.il 
are caused by functions with Fourier support in this region. 
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For /c G Z let A;+ = ma.x{k, 0). We define the normed spaces Xk, 

2k+-l 

Xk^{feL'{hxRxR):\\f\\x,^ J2 2^/^|Mr - a;(^, /.)) • /|U. 

j>2k+ 

Notice that 

II (r - ^i) I^>j{t - /.)) • /|U. < C{2-'" + 2-^'^") ■ ||/IU^, (2.4) 

for any / e L2(M^) supported in 7^ x M x R and J e'L+. 

The spaces are not sufficient for a fixed-point argument, due to various 
logarithmic divergences. For /c > 100 we also define the normed spaces Yit, 

Yk ={/ e L^(K^) : / supported in Rrp-i n 4 x R x R and 

11/11^, = 2-'^I%T-\t - coiC, /(e, H, r)] h.,.^^ < oo}. ^^"^^ 

For simphcity of notation, we define Yj, — {0} for A; < 99. Then we define the 
normed spaces Xk + Yk, k e Z, 

Xk + Yk ={/ e L^(R^) : / supported in 7^ x R x R and 

ll/IU,+Y, = ^ inf ll/ilU, + ||/2||n < oo}. 

j=h+j2 

For A; e Z we define the normed spaces 14 

\4 = {/ e L^(R-'^) : / supported in 7fc x R x R and 

ll/lk. = ll/-(l + 2' + W2llk+y, <oo}, 
and the normed spaces Wk, 

Wk^if e L2(R3) : / supported in 7^ x R x R and 

\\f\\w,^\\{d, + i)f\\x,+n<oc}. 

We define the (global) normed space F — F(R^), 

F^{ue L^(R^) : u supported in R^ x [-2, 2] and 



(2.6) 



(2.7) 



and the normed space N — A'"(R^), 
N ^{u e C(R : 77-2(R^)) : 

feez 

We start with a simple lemma concerning basic properties of our normed spaces. 



(2.10) 
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Lemma 2.1. (a) If m : M. ^ C, m' : M."^ ^ C, k E Z, and f is supported in 
4 X M X M then 

|m(/i) ■ /|U,+n < C\\J^-\m)\\L.^^) . WfWxM; 

■ fWv^nw, < C(||J^-i(m)||ii(K) + ||9^m||i^(K)) ■ ||/|k,niy,; 
\m'{^,T) ■ f\\x^+Y, < C||m'||i^(K2)||/||x,+y,; 
\m'{^,T) ■ fWv.nWk < C\\m'\\L^(M.^)\\f\\v^nw,- 

(b) If k e Z, J > 0, and fk G + then 

\\^^,{T-uJ{i,^))■fu\\x,<Cm\x,+n. (2.11) 
In particular, for any J G Z+, 

h>,(r - ^(e,/i)) ■ fk\\L^ < C2-^/2(2(^-2'^+)/2 + l)-i . ||/,||x,+y„ (2.12) 

and 

m\x,<c{i+k+)m\x,+Y,. (2.13) 

(c) If k > 0, j & [0, /c] n Z, and f is supported in the set 

{(e,/x,r)GM^:ee4, Hg[2",22™]}, 

i/ien 

I \J'-'[v<Ar - ^(e, /i)) ■ /] WlIlI, < CWJ'-'if) WlIlI,- (2.14) 

Proof of Lemma \2.1\ Part (a) follows directly from the definitions. 

For part (b), we may assume k > 100, fk G Y^., so fk can be written as 

/fe(^,/^,^) = 2^'/^l4(OX[2fc-30,2fe+30](/^)%fc+l(^-t^(^,/i)) 

(2.15) 



X (r-a;(e,/i)+2)'^- / e-'^-^gkiy,^,T)dy, 

Jm. 

with 

IIMIr. = ChkhlLly (2.16) 

The bound OTTj) follows easily since : |r - uj{^,fi)\ < 2^+^}\ < C2^-^ when- 
ever 1^1 2^, ^ 2^'', and j < k + C. 

For part (c), using Plancherel theorem, it suffices to prove that 



X[k^i,k+i]{0X[2k~iw,2k+iw]{fJ')v<j{'r - uj{^,fi))dfi <C. (2.17) 



TITO 



In proving ( 12.17^ we may assume k > 100. Then the function in the left-hand 
side of (12.171) is not zero only if |r — ~ 2^'^. Simple estimates using integration 
by parts show that 



'^Xlk-i,k+i]iOxi2k-iio,2k+iio]{fJ')v<j{'r - fJ')) dfi 



< C- 



2j-k 



1 + {2^-kyy 

if |r — ^^1 ^ 2^*-', which suffices to prove (]2.17p . □ 
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We show now that F ^ C(M : E^P). 
Lemma 2.2. If u E F then 

sup .,t)\\EnP < C'II^IIf- 



(2.18) 



Thus F ^ C{R -.EnP). 

Proof of LemmalEM Let fk = Xfc(C) '^(u), k E Z. In view of the definition (12.81) . 
it suffices to prove that for any t G M and k E^L 

\\^'^{fk){-, •,i)|UnP < CWfkWvkCWk- 

In view of the last bound in (I2.10p . we may assume t = 0. Thus it suffices to 
prove that if G Z and fk E then 



fk{^,fi,T)e'^<e'y^'d^dfidT < C\\fk\\v,nw,. 

EnP 



We show first that 



fk{^,fx,T)e'^<e'y>'d^df^dT <C\\fk\\v,. 

E 

Using the definition (11.171) . it suffices to prove that 

(l + 2'= + W2^)- //,(e,/i,r)t/r < 
Using the definition (12.61) . it suffices to prove that 

fk{^,fi,T)dT <C\\fk\\x,+Y,- 

Cm 

Assume first that fk E and write fk = Y.j>o fk " Vji^ -^(^,1^)) = Y.j>o fi 
The left-hand side of (12.221) is dominated by 

^Ell . <CY.2^/^fk,\y <C\\fk\\x, 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



k,j- 



j>0 



j>0 



as desired. Asssume now that fk E Yk (so k > 100) and write fk as in (12.150 . 
With gk as in (HIM and (KW\ . the left-hand side of fl^:^ is dominated by 



I4 (OX[2fc~30,2fc+30] 



■ 9kiy,^,r) dydr 



(2.23) 



We define the partial Hilbert transform operator 

^k{g)iy,^,i^) = / g{y,^,T)-ri<k+iir-u)-{r-u + i)-^dT. 
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Using the Minkowski inequality, the expression in (12.231) is dominated by 



C2'=/2 



l/fc(Ox[2fc-3o,2fc+3o](/i) ■ Ck{gk)iy,^,uji^,fj.)) 



dy. 



A simple change of variables shows that this is dominated by 



C 



and the bound fl2.22p follows from fl2.16p and the estimate \\Ck{g){y,^, < 
C\\g{y,^,T)\U2. 



We show now that 



Ui,^i,T)e'^<e'y^didfidT < CWhWw,. 



(2.24) 



Using the definition (11.181) and Plancherel theorem, it suffices to prove that 



/ (9^ + /)/fc(e,/i,r) dr 



Cm 



<c\\h 



which follows from ^TM . The bound (l2A9l) follows from ^TM and ^2^. □ 

3. Linear estimates 

In this section we prove two linear estimates. For G L^(R^) let Wcf) G C(M : 
) denote the solution of the free KP-I evolution given by 



0(^, /i) rf^C?/i, 



W<P{x,y,t) = C 

where ti;(^,/i) is defined in (12.11) . Let ip = Vo ^ S(M.). 
Proposition 3.1. If cf) e E n P then 

\\Voit)-W<l)\\F<C\\(l)\\Enp. 
Proof of Proposition \3.1[ A straightforward computation shows that 

J'irjoit) ■ iy</)](e, fi, r) = 0(e, fi)fioir - ^(e, /^))- 
Then, directly from the definitions. 



(3.1) 



(3.2) 



\vknWk 



fcez 



<c{\mi+m\i), 

as desired. 



□ 
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Proposition 3.2. If u e N then 
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Vo{t)- / [Wu{s)]{t~s)ds 



< C\\u\ 



N- 



Vo{t)- / [Wu{s)]{t - s)ds (e,/i,r) 
Jo 



Proof of Proposition \3.S[ A direct computation sliows that 



For A; e Z let 

For fk^VkH Wk let 



(3.3) 



r(/fc)(e,/i,r)= / fki^,fi,r 



In view of the definitions, it suffices to prove that 



|T| 



T - uj{^,n) + i) dr. 

(3.4) 



Ivi^nWk^VkHWk < C uniformly in A; G Z. 
We prove first that 

||T(/,)|U, < CWfkWx, uniformly in A; G Z. 
We observe the elementary bound 



(3.5) 
(3.6) 



9' 



<c[{i + \e\)-^ + {i + \e-e'\) 



i/|\-4l 



for any 6*, 6' G M. Thus, for (13.61) . it suffices to prove that 

/ l/fc(e,/^,r')H(l + |r-r'|)-^ + (l + |r-c^(e,/.)|)-Vr' < (3.7) 
for any / G X^. For this, we notice first that 

(l + |r-^(e,/i)|)-^ / |/,(e,/i,r')|rfr' < 
using f l2.22p . In addition, for any j > 0, 

r/,(r-c.(e,/i))- / |/fc(e,/i,r')|-(l + |r-r'r^rfr' 



L2 



< C5^2-3l^-^'l||r/,,(r' -^(e,/x)) ■ /fc(e,/i,r') 



The bound (13. 7p follows from the definition (12.31) . 
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We show now that 

\\nfk)\\x,+Y, < C\\M\y, uniformly in A; G Z. (3.8) 

We may assume k > 100. Using (13.61) and Lemma 12.11 (b), (c), we may also 
assume that fk G is supported in the set {(^,/x,r') : |r' — u{C,,fi)\ < 2^^"^°}. 
We write 



:/fc(^,/^,^')- 



Using LemmaO(b), | |i(r' - c^(^, /i) + i)"Vfc(^, /i, t"')I < C'||/fc||y^. In view of 
(13.61) . it suffices to prove that 



fk{i,fi:T')i){T -T')dT' 



+ 



ij{r-u{i)) [ M^,f,,T')dT' <C\\M 



(3.9) 



The bound for the second term in the left-hand side of (13. 9p follows from (12.221) . 
To bound the first term we write 



/fc(^,/^,i"') = /fc(^,/^,^') 



T — T 



The first term in the left-hand side of (13. 9p is dominated by 

,.t' -uj{^,fi) + i 



C 



iIj{t — t') dr 



Yk 



+ C 
+ C 



?7>fc-5(r - U;(^,/i)) / fk{^,fi,T')l/j{T - T')dT' 

Jm. 

For the first term in (I3.10p . we use Lemma [2.11 (c) to bound it by 

C2-'=/2||^-i(^)-^-i[(r'-^(0 + z)/.(e,/i,r')]|Uji2^^<C||M|y„ 
as desired. To bound the second term, we observe that 



(3.10) 



iP{t - t') ■ (r - r') 



< C 



;i + k-r'i) 



/|\-4 



Thus the second term in (I3.10p is bounded by 



l + |r'-cu(e,/i)r 



C 



l + |r'-o;(e,/i)| 



\t-t'\)-Ut' 



< C 



Xh 



/fe(^,/^,^') 



l + \r'-u{^,fi)\ 



Xk 

(3.11) 

which is dominated by C||/fc||yj. in view of Lemma [2.11 (b). To bound the third 
term in (13.100 . recall that fk is supported in the set {(^,/i, t') : |r' — u;(^,/x)| < 
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2^ ^°}, thus /fc(^, /i, r') = fk{i, /i, r') ■ ?7<fc_io(r' - uj{^, /i)). In addition, it is easy 
to see that 

(1 + 1^ _ 

\'q>k-^{T - uj{i, ij)) ■ ri<k~w{T' - u{i, li)) ■ ^{t - t')\ < C 7^^' 

1 + \t' - uj{^,fi)\ 

so the third term in f l3.10p is also bounded as in (13. lip . 
Finally, we prove that 

\\Tifk)\\w, < C\\fk\\v,nw, uniformly in G Z. (3.12) 
In view of the definition (12. 7p . the left-hand side of (I3.12p is dominated by 



c||rp, + /)M|u,+n, 
+ c 



c 



^'(r-^(e,/i))-(/x/0 / /fc(e,/i,r')rfr' 



Jk{t.,fJ',r )- : ^ dT 



The first term in the expression above is dominated by in view of (13. 6p 

and (13.81) . The second term is dominated by CH/fcUvfe, in view of (12.2 ip . Thus, 
for (13.120 . it suffices to prove that 



dr' 



Xu 



<c\\f, 



kirn- 



(3.13) 



dfi t'-uj{^,ij,) 

By analyzing the cases |r' — co'(^,/i)| < 1 and |r' — u{^,fi)\ > 1, it is easy to see 
that 

d ^(r-rO-V>(r-^(e,/i)) 
l + |r'-a;(e,/i)| 

In additio n usin g Lemma[0(b), ||/fc ■ (1 + |r - u;(^, /i)|)"^ • Hx^ < C\\fk\\vk- 
Thus, for (13.130 . it suffices to prove that 



dfi 



< 



■[(1 + 



T — T 



'i)-'+(i + k-^(e,^)in. 



|/,(e,/i, r')| ■ [(1 + |r - t'\)-' + (1 + |r - uj{^, fiW] dr' < C\\f4x,. 

Xk 

This follows from (13. 7p . 

The main bound follows from ([MD, ([31]), and (KWf . 



□ 



The proof of Proposition 13.21 above (in particular the bounds (13. 7p and (13. 9p ) 
shows that if (p & iS(R) then 

mv{t)-^-V)]\\x,<C\\f\U,; 

mm ■ ^-\mx,+Y, < C||/|U,+y,; (3.14) 
mV>it)-J'-\mnnw,<C\\f\\y,nw,, 
for any k e Z and / G L^(R^) supported in x M x M. 
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4. Proof of Theorem 11.11 

In this section we reduce Theorem 11.11 to proving the following two dyadic 
bilinear estimates: assume fcj G Z, /fc. G V^- fl Wk^, and J^{fki) are supported in 
R2 X [-2,2], i = 1,2. 

• If k e Z, ki < k - 20 and 1^2 -k\<2 then 



2'||xfc(O-(^-^(e,/i) + 0~'-(/fci*/fcJ| 

< C(2-l^^l/« + 2-l'=-'=^l/«) II/,, 1 1 v,^n^., II/.. I |y.,n^.. 
If |fci - fcsl < 100 then 



(4.1) 



fcez 



|2 



11/2 



(4.2) 



< C'll/fcilkfcinWfc, ■ ll/fcalk, 



Proposition 4.1. Ifu,v&F then 

\\dx{uv)\\N < C'll^illF ■ II^^IIf- 

Proof of Proposition \4l\ Let fk = Xk{0 ' •^(^) and = Xk{0 ' •^(^)- Then 



For A; G Z let 

A = {(fci, A;2) G Z^ : |fci - A;2| < 100}; 
Ai{k) = {{ki, k2) G Z^ : |A;2 - A;| < 2 and ki < k - 20}; 
A2{k) = {(fci, A;2) G Z2 : |A;i - A;| < 2 and k2 < k - 20}. 

Clearly 

(fci ,A;2)eAuAi (fc)uA2(A:) 

Thus 



(4.3) 



\muv)\\%<cj2{ E ||2'xfc(o-(r-^(e,/i)+0"'-(Ai*^?fc2 

fcez (fci,fc2)6A 

+ ^ E ( E I |2'xfc(0 ■ (r - a;(e, ^) + ^r' ■ (/., * 1 1 v^.n^, 
fcez (fci,fc2)eAi(fc) 

+ ^ E ( E I |2'xfc(0 • (r - a;(e, /i) + • (/., * 9k,)\\y^r^^^ 

k&Z (fci,fc2)eA2(fc) 

(4.4) 
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Using (14. 2p . the first term in the right-hand side of (14.41) is bounded by 



C 



<C\\u 



|2 

If 



|2 

If- 



(fci,fc2)eA 

Using (14. ip . the second term in the right-hand side of (14. 4p is bounded by 



C^(\\u\\f- 5Z \\3k2\\vk^r^w^^ < C\\u\ 



|2 

If- 



|fc2-A:|<2 



The third term in the right-hand side of (14. 4p is similar, and the proposition 
follows. □ 



If follows from Proposition 13.21 and Proposition 14.11 that 



r]o{t)- I [W{d.,{uv)){s)]{t-s)ds ^<C\\u\\f-\\v\\f, 



(4.5) 



for any u,v & F. It is easy to show that F is a Banach space, and Theorem 11.11 
follows from (14. 5 p and Proposition 13. II by a standard fixed-point argument. 

The rest of the paper is concerned with the proofs of the dyadic bilinear esti- 
mates dH]) and flt2|) . 



5. Preliminary estimates 

In this section we prove several localized L'^L^j. and LyL'^^. estimates and an 
Strichartz estimate. These bounds will be used in the bilinear estimates in 
Sections [71 El andO We start with a representation formula for functions in Y^, 
k > 100. Let 1+ and 1_ denote the characteristic functions of the intervals [0, oo) 
and (— oo, 0] respectively. 

Lemma 5.1. If k > 100 and f G Y^, then f can be written in the form 

f(i,li,T) = 2-'-/'l4K) . Xp»-3(,,2W-30l(M) . 1 + (M) 

^ . .,o(M .,„(M + ,) yf (5.1) 

VM-/i + V2'= M + /i + z/2V A ' ^ 



where M = M{^,t) = a/^ - {t — ^^), h is supported in the set {(^,/i, r) : ^ G 
4, |/i| e [22fc-ioo^22'=+ioo]}^ and 

\\Hx, + \\9\\L},L-,<C\\f\\y^. (5.2) 



Proof of Lemma [5Jl We start from the identity (I2.15p . Since |^| G [2*= ^,2''+^], 
G [22fc-35^22'=+35], \r-f-^^/^\ <2^+2, wehavee-(r-e=') G [24^-80^2^^+80]. 
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So M = M(^,r) = ■ (r - ^3) is well-defined and M e [22'=-40, 22'=+40]. For 
^ G Jfc, an elementary computation shows that we can approximate 

X[2.-30,2.+30](/x) ■ 14^) • ^_^(^,^)+, 

e r7o(M-/^) 
2M ' M-/i + V2 
where, with /5 = |r — co'(^, yu)| + 1, 

|^+(^, /i, r) I < Cx[2fc-40,2fc+40] (^) ■ . + (5.3) 

Similarly, we approximate 

= X[2.-30,2.-^30](M) . 14M) . ^ ■ J°[^|f^^,, + 

with satisfying the same bound (15.31) . We substitute these formulas into (I2.15P 
and notice that the terms corresponding to and can be estimated in Xk 
(as in the proof of Lemma [2.11 (b)). The bound (15.21) follows from (I2.16p . □ 

We prove now a localized L^L^ ^ estimate. 

Lemma 5.2. Assume k > 0, I > 2k — 100, and f is supported in the set 

{(e,/x,r)eM3:eG4, G [2'-^, 2'+i]}. 

(a) Then 

ll-^-'(/)llLsoL^,<C2~('-^)/2||/|U,+n. (5.4) 

(b) More generally, if ip : ^ [0,1] is a smooth function supported in the 
interval [—2,2], e > 2^*^, and 

/r(e, r) = /(e, /X, r) • y.((/i/e ± 730 A - ^) for m G Z, 

[E < C2-(^-'^/'\\f\\x,^y,. (5.5) 



Proof of Lemma \5.S[ For part (a), assume first / G X^. Then (see [21 p. 753]) 

ll-^"^(/)llL^Li,<C72-('-^)/^||/|U„ (5.6) 

as desired. Assume now that / G Yk, k > 100. We use the representation (15. ip 
and the bound (15. 2p . In view of (15. 6p . and using Plancherel's theorem, it suffices 
to prove that 

M±/x + i/2*^ ^ 



< C, (5.7) 
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uniformly in yo, M G ^2^*^^'^'^, 2^*^+''°], and ^ G Ik- This is a standard uniform 
estimate for the inverse Fourier transform of a Calderon-Zygmund kernel 

For part (b), if / G X^, then (15. 5p follows from (15.61) by orthogonality. Assume 
now f E Yk, k > 100. We use (15. ip . so we may assume 

/i, r) = 2-'=/2l,^(0 ■ X[2A.-30,2fc+30](M) ■ 1+(M) ■ ^{{fi/^ ± A - 
r/o(M-/i) , 77o(M + /i) 



X 



M-fi + i/2'' M + /i + V2^ 



By comparing the supports in fi of the functions and using the fact that > 1, 
we conclude that /^(^, /x, r) = unless (r - ^3)/^ e [C-i22^ C22^] and 



— m 



< Co or 



V(r-a/e±V3e 



— m 



<Co. 



We define 

^?±(i/,e,r) = ^?(z/,e,r) 

V(r-e)/e±v^e 



X 



^0 



Coe 



C^e 



m 



In view of the support property above, we have 

/i, r) = 2-'/'U^iO ■ X[2fc-30,2fc+30](M) • 1+(M) ■ ^.((^/e ± v^OA - H 



X 



M - /i + i/S'^ ^ M + fi + i/2 



R 



Using part (a) (in fact a slightly modified version of the bound (15. 7p ). 

ii-^"'(/r)iiLso,i,<c72-'=/^ii^riiLi4,- 

Thus, the left-hand side of (15.50 is dominated by 

nl/2 



which suffices in view of (15. 2p . 

We prove now several localized maximal function estimates: 

Lemma 5.3. Assume k,l, j E 1^, k < 0, I > 0, j > 0. 

(a) If f is supported in the set 

{{^,fi,T)eW':^eIk, |/i|<2', |r-^(e,/i)|<2^1, 

then 

ll-^-'(/)l|LgL,-, < C72^'/' ■ 2(^'+'=)/^||(/ - 
(h) If m eM., t > and f is supported in the set 

{(e, /i, r) G : e e 4, < 2\ |r - uj{i, /x) | < 2^ ±Vli-m\<t} 



□ 



(5.8) 
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then 



\r-\f)\\LlL-, < C2^" ■ (2^6)^2 ■ 2^/^\\{I - dl)f\\ 



L2- 



(5.9) 



Proof of Lemma 15.31 For any / : 
Then 



T-\f){x,y,t) = C{t' + l)-' [ [{I - d',)f]*{^,fi,9)e^''e^^^<+y-^+'--'^^'^'>UCdfid9. 

Jr» 

(5.10) 

Thus, for (15.81) . after noticing the time decay in (15.101) . it suffices to prove that if 
g is supported in the set {(^,/^) : ^ G < 2'}, 

then 



r 2 r oo 

'^V^x,\t\<l/2 



\9\\l^- 



(5.11) 



A standard TT* argument (see, for example, [3, p. 50]), shows that for (15. lip it 
suffices to prove that 



dC,dfi 



< ^2(2'+^^)/^ (5.12) 



To prove (15.121) we estimate the /i- integral first. Simple integration by parts and 
van der Corput-type arguments show that if ?/ G M, |t| < 1, |^| G [2'^^^, 2^^"^], and 
k, I are as in the hypothesis then 



dfi 



2^'^\y\-^ if > 100 ■ 2'-^ 
<C { 2'/%|-i/2 if \y\ e [1,100-2'-^] 
' if \y\ < 1. 



This leads to (Km . 

Similarly, for (15.91) . it suffices to prove that if 



g is supported in the set {(C,/i) : ^ G J^, < 2', ± v^,^ — m| < e}. 



then 



r 2 r oc 

^y-^x,\t\<i/2 



<Ci2'eY/^ ■2''^%\\l2. (5.13) 



In proving (15.131) . by orthogonality, we may assume e = 2 We may also assume 
\m\ < C2^^^ . As before, for (I5.13p . it suffices to prove that 



< C2^. 
(5.14) 
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The change of variables /i = ^{tV^^ + m + 2 with dfi = 2 ^^dp, and 
integration by parts show that 

Jr 

if y G M, \m\ < C2'-^ 1^1 G [2''-^ 2''+% and |t| < 1. This leads to (EH]). □ 

Lemma 5.4. Assume k,l,j G Z+. 
(^aj // / is supported in the set 

{{^,fi,T)eR^:^eIk, \fi\<2\ \r-uj{^,fi)\<2^}, 

then, for any 6 > 0, 

\\^-\f)\\LiL-, < C,2^l^ ■ {2' + 2'-'=) 1/2+^ 1 1 (/ - d'^)f\\L.. (5.15) 

(h) If m eM., I > 2k, t > 2^\ and f is supported in the set 

{(e, /i, r) G : e G 4, |/i| < 2\ |r - ^(^, /i) | < 2\ \fi/^ ± - m\ < e}, 



then 



\J'-\f)\\LiL-<C2^^'.i2^ey/'\\iI-dl)f\\,.. 



(5.16) 



Proof of Lemma \5.3[ As in the proof of Lemma 15. 3[ for (15.151) it suffices to show 
that if 

g is supported in the set {(^,yu) : ^ E Ik, < 2^}, 

then 



^?(e,/i)e^^^- 



r 2 r oo 

-^!/-^i,|t|<l/2 



<C,(2'= + 2'-'^)i/2+^||(?||i2. 



This follows from |71 Theorem 2.1 (b)]. 

Similarly, for (I5.16p . it suffices to prove that if 



g is supported in the set {(^,/i) : ^ G /fc, \n\ < 2', ± -\/3^ — m| < e}, 



then 



[ ^(e,/i)e'^"-«+^-^+*-"^^'^^^rfec//i 



T 2 T oo 

^y^x.\t\<i/2 



<C{2'eng\\L2. (5.17) 



In proving (15.131) . by orthogonality, we may assume e = 2 . We may also assume 
|m| < 2'"'^"'"^. As before, for (15.171) . it suffices to prove that 



< c. 

(5.18) 
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We make the change of variables /i = ^(=FV^^ + m + 2 '/?), with dfi = 2 ^^djS. 
The estimate ( IS.lSp becomes 



r 1 /■ oc 

y x,\t\<i 



<c, 



(5.19) 



where 



^x,y,t,^,P) = x-^+yaTV3^+m+2-'p)+t-e+H{TV3^+m+2~'pf. (5.20) 

It remains to prove (15.191) . For \y\ < 2'^*^+^° we notice that |9|$(a;, y, t, ^, P) \ > 
\t\ and \d'l<^{x,y,t,^,(3)\ > 2^/3\y\ - C2^~^\t\, provided that |^| ^ 2^ and \m\ < 
2«-fc+3^ Thus, using van der Corput's lemma for the integral in ^, 



e • X[fc-i,.+i](0^o(/3)e^*^^**'^'''^ d^dp < C2'-' ■ 2('-'=)/>|-V2. (5.21) 



For \y\ > 2'^'^+^'^ we integrate first by parts in /3 (notice that \df3^\ > 2^^'~^|?/| 
and \dp^\ < C2^~'^^\ if \t\ < 1). Then we use van der Corput's lemma for the 
integral in ^ as before. The result is 

< C2''~^-{2''-^\y\)-^-\y\-^'^. (5.22) 



The bound flSTTgl) follows from fICTD and ^TM . 

We conclude this section with an estimate. 
Lemma 5.5. If k & Z and f G + then 

'l-^"'(/)IL!..<C|l/llx.+y. 



□ 



(5.23) 



Proof of Lemma 15.51 We use the scale- invariant Strichartz estimate of [T] : 



L2, 



(5.24) 



for any G L'^{^^). 

Assume first that / G X^. With /* defined as in the proof of Lemma [5.3[ for 
J>0 



/(e, /i, r) • r/,(r - a;(e, /i)) ■ e'^^e'y^e''-^ d^dfidr 



/*(e, fi, e) ■ r]j{e)e''-^ ■ e^-?e*i/-/^e'*-"(«''^) d^dfidO 



(5.25) 



r4 



<C2^l'\\f*{i,li,e).r^mW^ 
which gives fl5.23p . 
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Assume now that / G Ffe. We use the representation (15.11) . With the notation 
in Lemma Ell using (15.21) and the bound fl5.23l) for / G X^, it suffices to prove 
that 



(7(e,T)l4(0 ■ X[2k-m,2k+m]{M) ■ 1+(M) 



r4 



M ± /i + 

for any g G L^(R^). We take the integral in fi first; it remains to prove that 

(M) ■ 1+(M) 



X e 



,ix.?giy.Mgii.r ^^^^ < C2''/^\\g\\L2. 



r4 



We make the change of variables r = G [C ^2^^, C2^''], dr = 2{v/^)dv. 

Clearly, M(^, r) = z/. Thus, it suffices to prove that 



7'4 

x,y,t 



This follows from ([EMD with z/) = (^(e, e=^+z^VOl4(0-X[2A.-30,2fc+30](^^)l- 



□ 



6. An BILINEAR ESTIMATE 

In this section we prove an bilinear estimate. For /c G Z and j G Z+ let 
Dfc,, = {(e,/i,r): ^G4,/iGM, |r - ^(e, /i) | < 2^}. 

Lemma 6.1. Assume ^1,^2,^3 G Z, ji,j2,j3 G anc? : M'^ ^ M_|_ are 
functions supported in Dk^j-, i = 1,2,3. // 

max(ji, ja, 73) < h + k2 + ks - 20 (6.1) 

then 

[ (/i * /2) ■ /3 < C2(^-^+^-^+^-«)/2 ■ 2-('=i+'=^+'=3)/2 . ||/i||^.||/2||^.||/3||^.. (6.2) 

Before we proceed to the proof of this lemma we state a simple corollary that 
follows by duality. 

Corollary 6.2. Assume ki^k2,k^ G Z, ji, ^2,^3 ^ Z_|_, and /, : M'^ — > R_|_ are 
functions supported in Dk^j^, i = 1,2. If 

max(ji, ja, j3) < k^ + k2 + ks - 20 
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then 

||(/l * /2) ■ U,,Jl^ < C2(^-l+^-^+^3)/2 . 2-(^l+^2+/=3)/2 . 

Proof of Lemma \6.1\ Clearly, 

(/l*/2)-/3= / (7l*/3)-/2= / (72*/3)-/l, 

where /i, r) = fi{—^, — /i, — r), i = 1, 2. In view of the symmetry of fl6.2p we 
may assume 

js = max(ji,j2,j3)- (6.3) 

As in the proof of Lemma ESI we define ff{C,,fi,6) = fi{^,fi,6 + i = 

1,2,3, ||/*||l2 = ||/i||L2. We rewrite the left-hand side of (16.21) in the form 

/ /f(ei,/ii,^i)-/2*(e2,/i2,^2) 

JR6 (6.4) 
X /3*(^i + 6, /"I + /^2, 01 + 92 + ^ii^i, /ii), (6, 1^2))) d^id^2diJ^idn2d9id92, 
where 

^((6, /^i), (6, /^2)) = -^(^1 + 6, /^l + /^2) + ^(6, /^l) + ^(6, /^2) 
= ^[(v^f. + v^6)^-(fl-f^)T 

?1 + ^2 L '^2^-1 

The functions /* are supported in the sets {^,fi,9) : ^ G 1^., G M, \9\ < 2^'}. 

We will prove that if (yfj : ^ are functions supported in 1^, x R, 
z = 1,2, and (7 : — > is an function supported in x M x [—2-' , 2-'], 
j < ki + k2 + k — 15, then 

5-1(6, yLti)-fi'2(6, /^2) ■ ^-(6 + 6, /^i + /U2, J^((6, /^i), (6, /^2))) d^id^2dnidn2 

(6.6) 

This suffices for fl6.2p . in view of fl6.3l) and fl6.4p . 

To prove (16.60 , we observ^ first that we may assume that the integral in the 
left-hand side of fl6.6l) is taken over the set 



^++ = {(6,yUi,6,Ai2) : 6 + 6 > and /ii/^i - ^12/^2 > 0}. 

Using the restriction j < ki + k2 + k — 15 and (16. 5p . we may assume also that the 
integral in the left-hand side of (16. 6p is taken over the set 

n++ = {(ei,/ii,6,/i2) e 7^++ : 1^3(6 + 6)1 - -/i2/6l < 2-i°|ei + 



^There are four identical integrals of this type. 
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To summarize, it suffices to prove that 

/ 9i{^i, /Ui)-5'2(6, /^2) ■ g{^i + 6, fJ'i + f^2, ^((^1, fJ'i), (6, fJ'2))) d^id^2dnidfi2 
Jn++ 

(6.7) 

We make the changes of variables 

/ii = v^^i + Pi^i and yU2 = -^3^2 + ^2^2, 
with dfiidfi2 = ^iC,2 dPidP2- The left-hand side of (16 .Tp is bounded by 



C2'=^+'=^ / (6, v^e? + Pi^i) ■ 92(^2, -V3e2 + M2) 
Js 



X g{ii + 6, Vs^i - ^3^2 + Ml + M2, ^((6, A), (6, /32))) d^^dC2d(3idP2, 

(6.8) 

where 

5 = {(^1, /3i,6,/32) : 6 + 6 > and -/52| < 2-^0(^1 + 6)}, (6.9) 

and 

muf^i), (6,/?2)) = U2{f3i - f32)(2V3 + ^^). (6.10) 
We define the functions hi : M.^ ^ ]R_|_ supported in 1^. x M, = 1, 2, 

/ii(ei,/3i) = 2^^/2.^i(ei,v^e? + A6); 
/^2(6, /52) = 2^^/2 ■ ^72(6, - Vsel + /526), 
with ||/?.j||L2 ^ ||5'i||L2- Thus, for (16. 6p it suffices to prove that 

2(/c.+..)/2 f h,{i,,P{).h2{i2.P2) 

Js 

X ^7(^1 + 6, v^^i - v^^2 + + f32^2, A), (6, 02))) d^,d^2df3,d(32 

<C2^/'.2-^'^+'^+'y'-\\h\\L4h2\\L49\\L^- 



(6.11) 

To prove (16. lip , we may assume without loss of generality that 

ki < k2. (6.12) 

We make the change of variables Pi = P2 + P- In view of (16. 9p . (I6.10p . and 
the restriction on the support of g, we may assume \(5\ < 2-5~'^i~'^2+4_ 'jj-^^g^ ^j-^g 
integral in the left-hand side of (16.110 is equal to 



2(^i+fe)/2 / /,^(^^,/3 + /?2)-/^2(6,/32)-lhl,l](/5/2^-'^-'^+') 

Js (6.13) 

X ^(6 + 6, ^(6, 6, P) + mi + 6), 5(6, 6, 13)) diidi2d(3d(32, 
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where S = {(6,6, /5, f32) G : 6 + 6 > and \(3\ < 2-i0(6 + 6)}, and 

A(6, 6, P) = Vse^ - Vsei + P^u . 
5(ei,6,/3) = 66/5-(2V3 + /?/(ei + 6)). ^' ' 

Let / = J — fci — A;2 + 4 and decompose, for z = 1, 2, 
The expression in f l6.13p is dominated by to 

|m-m'|<4"^'^ (6.15) 

X g{Ci + 6, ^(^1, 6, P) + P2{ii + 6), 5(^1, 6, /?)) d^id^2dpdP2. 
Also, for i = 1,2, 

meZ 

Thus, to prove (16. lip , we may assume hi = and /12 = /i™' for some fixed 
m,m' & Z with |m — m'| < 4. To summarize, it suffices to prove that if Fj : — » 
[0, 00) are functions supported in J^. x M, (yf is as before, and m G Z then 

X (7(6 + 6,^(6,6,/?) + /52(ei + 6), 5(6,6, /?))c?eic^e2c?W2 ^^-^^^ 



To prove (I6.16P we use the Cauchy-Shwartz inequahty in the variables {^1,^2, P)'- 
with 

S' = m,^2,P) e : 6 G 4„ 6 + 6 > 0, \P\ < 2-10(6+6)}, 
the left-hand side of fl6.16p is dominated by 

^2(^x+/c,)/2 f I^^_^^^^,^(f3,/2^').f I \F,{i,,^ + P2)-F2{i2,^2)\^di,di2dp)"^ 

JR ^ Js' ^ 

X ( ^ \g{ix + 6, ^(6, 6, P) + P2{ix + 6), i?(6, 6, /?))!' rf6c^6c?/5) c?/?2. 

(6.17) 

For fl6.16p . it is easy to see that it suffices to prove that 

\ 1/2 

1^7(6 + 6, ^(6,6, P) + /52(6 + 6), 5(6, 6, P))? di^di^dfi] 

^ (6.18) 

< C2-('=^+'=2+'=)/2||^|i ^_ 
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for any /?2 G Indeed, assuming (16.181) . we can bound the expression in fl6.17p 

by 

Jr " 

which suffices since 2^' /•^2^k^+k2)/2 ^ 2^/2. 

Finally, to prove (16.181) . we may assume ffist that (32 = 0. We examine (I6.14p 
and make the change of variable /3 = \/3(^i + ^2) ■ ^- The left-hand side of (I6.18P 
is dominated by 

P 1 

S 

(6.19) 

where S" = {(6, 6, e : G 4^, \iy\<2-^^}. We define the function 

h{^,x,y) = 2^''-\g{^,V3^-x,3^-y)\^ 
so ||/i|||Li ~ lls'llia- The expression in (I6.19P is dominated by 

C2-'/^ ( [ \h{^, + 6, 6 - 6 + ^^^1, ■i^{2 + u))\ di^di^du) "\ 

J S 

Therefore, it remains to prove that 

/ mi + 6,^1 - 6 + ■ ^(2 + u))\d^^d^2du < C2-('=^+'=^)||/i|Ui 

for any function h G L^(R^). This is clear since the absolute value of the deter- 
minant of the change of variables (^1, ^2,1^) [6 + 6; 6 - 6 + ^^6; 66 " ^^(2 + 1^)] 
is equal to (2 + z/)|^i| ■ |^2(2 + z/) + ^ 2'=!+'=^ see (EI2]) and the definition of 
the set S". □ 



7. Dyadic bilinear estimates I 
In this section we prove the bound (14. ip for k > AO and ki G [0,k — 20]. 

Proposition 7.1. Assume k > 40, k2 e [k - 2, k + 2], ki G [0,k - 20], fk^ G 
Vfci n lyfci, /te e Vfc2 n ly^^, anc? J='-^{fkJ{x,y,t) is supported in x [-2,2]. 
Then 



2'\\xk{0-ir-m,f^) + ^r'-{fk,*fk.M 



(7.1) 

<C{2 ^i/s -I- 2 '''^^^)||/fcil|yfc^niyfeJ|/fc2llvfe2nTyfc2- 
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Proposition 17.11 follows from Lemma \7.2\ Lemma 17.31 and Lemma 17.41 below. 
We start by decomposing 

fk2 ~ /fc2,2fc2-10 "I" ^ ^ fk2,l2 ~ fk2 

l2>2k2-9 l2>2k2-9 

and 

fki = /fci,2fci + ^ fkidi = fki ■ V<2ki{fJ'l) + ^ fki ■ Vhil^i)- 

li>2ki+l ii>2fci+l 

Finally for any J G Z let fk,,k,j = fk,,i,-rij{T -uj{^, ^)), fk,,k,<J = fh,h-V<j{'r - 
uj{^,fi)), and fk,,k,>J = fk,M ■V>J+i{^-^{^,f^)), i = l,2. 

Lemma 7.2. With the notation in Proposition \7.1\ for any I2 € [2k2 — 9, 2k2 + 9] 
2'\\xkmr - ^(e, /i) + ■ ifk, * h2,i2)\\v,nw, 

< C(2-^^/« + 2-(^-'=^)/«) II/,, 1 1 v.^n^y,, 1 1/.2,^2 \\v,,nw,, • 

Proof of Lemma \7. ^ In view of the definitions and Lemma [2. II (b), it suffices to 
prove that 

I \xkiO ■ (2'' + ^fi){r - uj{i. /i) + lY' ■ {fk, * /fc^.^J 
+ 2^=1 |xfc(0 • (r - Lui^, fi) + ■ * {d, + I)fk2,i2) 

<C{2-'^l' + 2-^'-'-^l^)\\fk^\v,^r.w.^^^^^^ 
For this, it suffices to prove that 

I \xk{i) ■ (2'=+z/x/2'=)(r - ^(e, ^) + i)-' ■ ifk, * fk2,i2)\ \x,+Y, .7 2) 

< C{2~'^/' + 2-^'^-'^^y')\\fkA\n,nw,, ■ ||/.2,/2lU,,+y,,. ' 

In view of Lemma 12.1 1 (a) and (b), Lemma 15.41 (a), (13.141) . and the support 
assumption on JF"^(/,J, 

\\J^-\fk.,l,,>j)hlL-<Cj2^^/'^^^^^^ 



(7.3) 



"'in the decomposition below we make an abuse of notation when we write that fki,2ki = 
X)/ <2fc +1 fki,ii- One can see in the rest of the paper that this notation avoids some unnecessary 
technicahties. One example of its efficiency is in the fact that for any li < 2ki + 1 

(l + l^l + lM/ei)l/fe.d-(l + 2'^')IA.,d 
and hence we can simply write 

(1 + lei + iAi/ei)i/fe„2fcj (1 + 2'=')i/fe,2fej. 

Our notation also explains why in the proof of the lemmas below we will always assume that 
h > 2ki. 
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for any li > 2ki and J G Z fl [— 1, oo). 

We estimate first the contribution of fkj^^i^ * fk^h^ < h < k + ki — 10. In 
this range we will show that 

< C2 ''^^^^WfkiWvk^nWk^ ■ \\fk2,i2\\xk2+Yk2- 

Let 

Jo denote the smallest integer > k — {li — ki)/2 — 10. (7.5) 
Using (12.41) . Lemma [2TT] (a). Lemma [5^ (a), and (17. 3p with J = — 1, we estimate 

2''||Xfe(0 ■ +«)~^^>J0 + l(^ ■ {fkl,ll * fk2,l2)\\xk 

< C2'=2-^«/2||^-i(/,,,J|U.^^.^ ■ ||^-^(/,,,J|Usc^.^^ 
We decompose 

fk2,l2 = fk2,l2,<J0 + fk2,l2,<J0 + fk2,l2,>Jo = fk2,l2 ' %Jo(^2 " (^2 , /i2) ) 1+ (Ai2 ) 

+ /fc2,«2 ■%Jo(^2 -C^(6,/^2))l-(/X2) (7.7) 
+ /fc2,«2 ■ ^>Jo + l(^2 - ^(6,/^2)) 

Using ([212D, 

\\fk2,l2,>Jo\\L^ < C'2""'0/^||/fc2,i2|Ufe2+yfc2- (7.8) 

Thus, using the definitions, Lemma [2?T] (a), (c), and (17. 3p we estimate 

2''||Xfc(0 • -^(^,/^) +^)~^%Jo(^-^(^'/^)) ■ ifkuh * /fc2,«2,>Jo)||y, 

<C2'/'-\\J'^\h,,i,*fk2 ,12,>Jo)\\lIlI, , 

V • (7.9) 

<C2^/2||^-i(^^^ 

■\\^~\fk2 ,«2,>Jo)IIl2l2_, 

<C2-('-'=^)/8||/,J|^^^.||/,^,J|^^^^^^^. 
An estimate similar to ( 17. 9p . using (17.3P gives 

2''| |xfc(0 • - /^) + 0"^%Jo(^ - /^)) ■ (/fci,«i,>fc+2fci-io * /fct«2,<Jo)| In 

< (-72 '''^''^ll/fcillyfc^ ■ Il/fc2,^2llxfc2+yfc2• 
(7.10) 

It remains to estimate 
2^1 |Xfc(0 • - ^{i^ f^) + 0"^% Jo(^ - ^(^. /^)) ■ (/fci,«i,<fe+2fci-io * /fctz2,< Jo) I Ixfe+y^- 



28 J. COLLIANDER, A. D. lONESCU, C. E. KENIG, AND G. STAFFILANI 

For j2 G Z+ let /^t,«2j2 = ff^^h " ^72(^2 - uj{^2, f^2)) ■ l±(/i2). Using Corollary [621 
Lemma Em (b), and the definitions, we estimate 

fc+2fci-10 

(r — uj{^,ii) + i) ^r]<jg{r — u;(^,/i)) • {fkx,h,h * /fe,/2,<Jo) I Ijc. 

ii=^o+i 

fc+2fci-10 Jo 

ii=Jo+i i,j2=o 

fc+2fci-10 Jo 

ii=Jo+i ij2=o 



(7.11) 



Finally, we prove that 

2''||Xfc(0 ■ {r - u{^,fi) + z)-'r/<jo(r - uj{^,fi)) ■ {fk,M,<Jo * ft,i,,<.j,) 

< C2"('^"^^)/^||/fcJ|y^^nPVfc^ ■ 11/^2,^2 I Ufc2+yfc2- 

Recall that (see fl63|) ) 

^[(6, /^i), (6, /W2)] = -t^(6 + 6, /^i + 1^2) + t^(^i, ah) + cu(6, /t^2) ^ 



(7.12) 



6 + 6 

X [(Vs^i - /"1/6) + (V36 + /i2/6)] ■ [(v^6 + /"1/6) + (V36 - /i2/6)]- 

(7.13) 

Thus, for 6 e 4^, G [22^-i\22'=+"], G 4,, and < 2^-^-i/2-9 

ifi[(ei,/ii), (6,/^2)]i > 2^-+'=-^i(v^ei + /ii/6) + (v^6 -/i2/6)|. (7.14) 

Let : M — > [0, 1] denote a smooth function supported in [—1, 1] with the 
property that 

Y^{s-m) = 1. 

meZ 

Let e = 2"('i+''i)/2^ For m G Z we define 

/fctr,<Jo(^i'/^i'^i) = /fci,;i,<Jo(6,/^i,n) ■</'((y36 + /ii/6)/e-H; (^^^^^j 

/fctI,<Jofe, /i2, 1-2) = /fct,/2,<Jo(6, /i2, ^2) ■ <^((y36 - /^2/6)/e + "^)- 
The important observation is that, in view of fl7.14p and the definition of Jq, 

%Jo(^ - ^(6 ^^)) ■ ifkS,<Jo * /£',S<Jo) = ^^l^ss |m - m'l < 4. 
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Thus, using the definitions and Lemma [2.11 (c), 

2''||xfc(0 ■ - ^(^,^) + iy^V<Joi^ - ^(^,/^)) ■ ifkuh,<Jo * fLh,<Jo)\\Y, 

< E 2'=||x.(0(r-^(e,/i)+r'%Jo(^-^(e,/i))-(/JI<jo*/- 

|m— m'|<4 



ki,h,<JQ " ■I k2,l2,<Jo)\\Y^ 



\m-m'\<4: 



(7.16) 



We use the elementary bound 

\\g\\l^u)<C\\g\\L^iR)■\\iy + ^)■g\\L^m (7.17) 

for any g G L^(]R), Lemma [5.41 (b), and the definitions to estimate 



j<Jo 

j<-/o 

< C2(^-'=^)/^||(l + In - c.(ei,/ii)|)^/^+^/^°(/ - dl)flZ 



1/2 



X 11(1 + In - c.(6, /ii)|)^/^^^/^°(/ - 9M(9,, + /)/;'- 11^/^ 



,<JollL2 
||l/2 

where /^'™^. = fk^^i^j ■ (fHV^^i + Hi/^i) /e - m). Thus, using Lemma [O (b), 
with A =11(1 + In - uJi^,,^^,)\y/'+'/'\I - a,2J/fc,.JU^ 

1/2 



,<Jo)IIlJ- 

rneZ 

X [11(1 + - ^(6,/ii)l)'/'+'/'°(/ - 5.'J(5.. + /)/.„/. IIl^ + 2'-'^ ■ A]'/' 

< C2('-'=^)/4 ■ 2-('-'=^)/2 ■ {2''^/'\h + 1))||(/ - 5^J/fc,,J|;(^ 



We substitute this last bound into (17.161) and, using Lemma [5^ (b), (13.141) and 
2ki < /i, we conclude that the right-hand side of (17.161) is dominated by 

nl/2 



1/2 



c2^/^[$:ii^-(/,t-<,jiii.,j 



< (^2 ''^^^^WfkiWvk^nWk^ ■ \\fk2,i2\\xk2+Yk^- 

This gives the bound (17.121) . The bound (17. 4p follows from the bounds (17.61) . 
(IZnD, (JHOD, dm]), and (Ell). 
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We estimate now the contribution of fki,ii * fk2,i2i k + ki — < li < 2k2 + 12. 
In this range we will show that 

Using (12 ■4p . Lemma [5^2] (a), and (17. 3p with J = —1, we estimate 
2^1|xfc(0 ■ (^-^(^7/^) + 0"^^>fc-4(r-a;(^,/i)) ■ {fk,,i, * fk2,i2)\ 



<C2'.2-'/'\\fk,,i,*fk2,i2\\Ll^^ 

< C2^2-'=/2||^-l(/,,,J|U.^^.^ • \\J^-\fk2,l2)\\L^Ll, 
<C2-('-'=^)/^||/,J|y,^-||/,,,J|x,,+y,^. 

Using (17. 8p . Lemma Em (a), (c), and (17.30 we estimate 

2''||Xfe(0 ■ -^(^,/^) +^)~S<fe-5(r ■ ifk^A * fk2,l2,>k-5)\\Y^ 

< 02''/'^ ■\\J=''^{fk,^l,* fk2,l2,>k~5)\\LlLl, 

V x,t (7.20) 

< C2''/^||j^"^(/fc^,/J 1 1^,2^00^ ■ \ \J^~'^{fk2,l2,>k-5)\\L2Ll_, 

<C2-('-'=^)/^||/,J|v.^^.||/,,,JU^^+^^^. 
An estimate similar to ( I7.10p gives 

2^||Xfe(0 ■ - ^^(^,/^) +0~^^<fe-5(^ ■ (/fei,Zi,>fc+2fci-10 * /fc2,«2,<fc-5)|L, 

II I I fc 

<C2-('-^^)/^||/,J|y,^-||/,,,JU,,+y,^. 

(7.21) 

Finally, we use Corollary 16.21 and Lemma 12.11 (b) to estimate 

A;+2fci-10 

2^" ■ (^-^(^,/^) + 0"^%fe-5(^-^(^,/^))(/fci,/iJi * fk2,l2,<k-5)\\x^ 

ji=0 

fc+2fci-10 k-5 

<C2' Yl E 2-^/'|h,(r-c^(e,/i))-(/.„h..*/fe,z.,2)|L. 
ii=o i,j2=o 

fc+2A;i-10 k-5 

<C2' Y E 2-^^'^+'^^/^-2-/1/.„z..JU-2^V2||;^^^^^_^.j^, 

Jl=0 j,j2=0 

<C2-('-'=^)/2||/,J|v,^-||/,,,,|U,^+,^,^. 

(7.22) 

The bound (TflSl) follows from (Eli), (IZ2Q]), (EIlD, and (IL22]). 
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We estimate now the contribution of J2h>2k2+i3 fi^i^h * fk2,h- using (12.41) and 
Lemma 15.51 



\\x,{0-{2' + ifi/2'){r-u{^,f,) + t)-'-{ J2 huh*fk2,i 

h>2fc2+13 

<C2-'\\XkiO-f^-i E fkuh*fk.,h)\\L2 

/i>2fc2+13 

<C2-'[ J2 \\^''hui.*h.,i.\\hY^" (7-23) 

Zi>2fc2+13 

^(^o-fc+fcif ||9h-fclf ||2 I If ||2 lV2 

<<^2 L 2^ \\2 JkuhWx^^+Y,^- \\Jk2,h\\x^+Yj 

/i>2fc2+13 

< C2''l"''||/fcJ|l/fc^ ■ ||/fc2,/2lUfc2+'^fe2- 

The main bound ([72D follows from ([731), dOT. and ([723D- □ 
Lemma 7.3. With the notation in Proposition \7 . 1\ 

2^\\Xk{i)ir-uj{i,ii)+iy^ ■ ifk, * fk2,2k2-io)\\y^r^w, 

< C(2-'=^/« + 2-(^-^^)/«)||/,J|v.,^ ■ \\h2,2k2-io\\vk,nw,,. 
Proof of Lemma \7.3\ As in Lemma 17.21 it suffices to prove that 

WxkiO ■ (2^+W2')(r -a;(e,;u) + ^-1 • {fk, * ^2,2^2-10) ^ ^ 

iiAfc (7 24) 

<Ci2-'^^/' + 2-(''-''-^y')UA^^^^ 
We estimate first the contribution of fk^^i^ * /fc2, 2^2-10; ^1 ^ [2^i, 2k + 10]. Let 

Jo = 2k + ki- 40. (7.25) 
Using (12. 4p . (12.121) . and Lemma 13751 we estimate 

2^\\Xk{0 ■ - ^(C> + ^)^^^>2fc-39(^ - ^(^, /i)) ■ (/fci,/i * /fc2,2fc2-10) 
< C2'^2 ^1 |/fci,Zi * /A:2,2fc2-lo| 1^,2 



<C||J^ ^(/fei,«i)||L4 ■ ^(/fc2,2fc2-lo)||L4 

< C2'''~'i||/fcJ|v/^^ ■ ||/fc2,2fc2-iolUfc2+yfe2- 



(7.26) 



We have the L°° bound 



i>o (7.27) 
<C(fci + l)23'=^/V'^/2||/fcJ|v,^. 
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Thus, using (12. 4p and (12.121) . we estimate 

2^1 - ^(^> /^) + i)~^V<2k~40{T - UJ{^, /i)) ■ {fki,h * /fc2,2fc2-10,>Jo) I \x, 

,2fc2-10,>Jo I \i2 

,2fc2-10,>Jo I|l2 

(7.28) 

As in the proof of Lemma [5.51 (see (I5.25P ) we have 

i>./o+i 

Thus, using (12. 4p and (12.121) and Lemma [5. 5 [ 

2*^1 ■ - /^) + i)~^V<2k-Ao{r - uj{^, /i)) ■ {fki,h,>Jo * /fc2,2fc2-io,<Jo) I \x, 

,h,>Jo)\\L-i ■ \ \^ (/fc2,2fc2-10,<Jo)l|L4 
< C2^''^/^"'^||/fcJ|y^^ ■ \\fk2,2k2-lo\\Xk2+Yk2- 

(7.29) 

Finally, we observe that 

V<2k~4o{'T — ■ {fki,h,<Jo * /fc2,2/c2-10,<Jo) = 0; 

unless li G [k + ki — 10, k + ki + 10], which is a consequence of the identity (17.131) . 
Using Corollary 16.21 Lemma [2.11 (b). and the definitions, we estimate 

2*^||Xfc(0 ■ - ^(^,/^) + iy^V<2k-ioir - uj{^,fi)) ■ {fk^,h,<Jo * /fc2,2fc2-io,<Jo)||jf^ 

Jo 2fc-40 

<C2'= Yl 5Z 2"'^'ll^i(^-^^^'/'))-^^fci''iJi*^^2,2te-io,i2)|L2 
ii,i2=o j=o 

< C2^ E 2-(2'=+^^)/2 ■ 2^V2||;^^_^^_^.j|^, . 2^^/^\\f,^^,,^_,,^^^\\^2 

(7.30) 

Thus, using (E26]), (E2HD, (EZl), and ([730l) with lie[k + ki- 10, A; + fci + 10], 
we have 

2fc+10 

J] 2^=1 ■ - + 0"' • Uk„h * /fe2,2fe2-io)| 1^^ 

h=2ki 

< C2'''^/^\\fk^\\v^^^ ■ \\fk2,2k2-lo\\Xk2+Yk^- 



(7.31) 
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We estimate now the contribution of J2i >2A;+ii fki,h * fk2,2k2-w- using (12 .4^ 
and Lemma [5.51 we estimate as in fl7.23p 



-lOj 



/i>2fc+ii " (7.32) 

< C2'''~''||/fcJ|vfe^ ■ ||/fc2,2fc2- 



(7.33) 



The main bound (17:21) follows from fl7m) and (jTSSD- □ 
Lemma 7.4. With the notation in Proposition \7 . 1\ for any I2 > 2k2 + 10 

2'\\xkiO ■ (r - u;i^, /i) + t)-' ■ {h. * /fe, J| |^,nH/. 

Proof of Lemma \7.4\ As in Lemma 17.21 it suffices to prove that 

\\Xk{0 ■ (2'^-' + W2')(r - a;(e, /i) + 0"^ • {ft, * fk^^) 
< ^2fe-^'=^)-(3/4)(2-'=i/8 + 2-('=-'^^)/«)||/,J|^,^ . ||/.,,JU,,+n 

We estimate first the contribution of fki,h * /fc2,/2? 

/i G [2A;i, /2 + 10] \ [h -h + h- 10, l2-h + h + 10]. (7.34) 

Let 

Jo = ^2 + fci - 40. (7.35) 
Using (12. 4p . (17.31) . and Lemma [5^21 we estimate 

< C1^^ ^2 ^ \ I fi,, /, * fi.„ /„ I L^) 

< C2'-2'=^||^-i(/,,,J|U.^^.^ ■ ||.F-i(/,,,J||^.^.^^ 

< C2('-^^^)/22-('-^^)/^||/,J|v.,^ ■ ||/.,,,|U,,+r,,. 

Using the bound ([72ZD> (D, and fl232D . we estimate 

2''~''| - ^(^, + Vjo(^ - ^(^. /^)) ■ * fk2,l2,>Jo)\ 

< C2'2"''| * /fc2,i2,>Jo| |l2 

<C(fci + l)2('=-'^)/2||/,J|,.,^-||/,2 



Xk 

(7.37) 



(7.39) 



2 
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Using (El, (ESD, and Lemma [521 

2''"^||xfc(0 ■ - uj{^, fi) + i)-^r]<j^Xr - uj{^, n)) ■ {fkuiu>Jo * fk2,i2,<Jo)\ 

< C2''"^||J'~^(/fc^,/^,>J„)||i2Loo^ ■ \\J^~^ifk2,l2,<Jo)\\L^Ll^ 

(7.38 

Finally, we observe that for li as in (17.341) 

V<Joi^ - ■ (/fci,/i,<Jo * fk2,i2,<Jo) = 0> 

which is a consequence of the identity (I7.13p . Thus, for li as in (17.341) . 

2''~'\\xkiO ■ (r - coi^, fx) + t)-' ■ ih,M * fk2,i2) 

We estimate now the contribution of fk^^i-^ * fk2,i2^ 

k G [^2 -k2 + h- 10, l2-k2 + h + 10]. (7.40) 

Let 

Ji = 2k + ki- 40. 
As in fl7:36|) . ^M), and ([73HD, using also 2^i-'i ^ 2'=2-i2^ estimate 

~ "-^(^j /^) + ^) ^>2fc-39('i^ ~ ^(^) /^)) ■ {fki,h * fk2,l2) 

T — a;(^, yU) + i) f]<2k~Ao{'^ ~ ^(^7 A^)) ■ (/fci.ii * fk2,l2,>Jl) 

+ 2''~''| |Xfe(0 ■ - + ^)"^%2fc-40(T - UJ{^, fi)) ■ {fki,h,>.h * fk2,l2,<Jl) 

<^2fe-2..)/22-./4||^^j|^^^.||^^^ 

(7.41) 

In addition, using Corollary 16. 2[ Lemma [271] (b). and the definitions, we estimate 

2''~''||Xfe(0 ■ (^-^(^,/^)+^)"^%2fc-40(T-^(^,/i))- {fk^,h,<Ji * fk2,l2,<Ji)\\x^ 
Jl 2fc-40 

^(.^i2-k ^ 5^ 2-^/2||r^,(r-u;(e,/i))-(/.„Zi,i*/.2,Z2,.2)|L2 
ji,i2=o j=o 
Jl 

j,jl,j2=0 

(7.42) 



X 



k 
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We estimate now the contribution of J2i >i +u fki,h * fk2,i2- using (12.41) and 
Lemma 15.51 we estimate as in fl7.23p 



/l>«2 + ll 

<C2'''\\fi-{ ^ fkuh* fk2,l2)\\L2 



Zl>«2 + ll 

|2 11/2 



<c2''^-'[ \\^''^''fkui.*fk2M\\hr ^7-43) 

h>l2 + ll 



^ ^r,ki-k[ \^ Uryh~kic ||2 II r ||2 ll/2 

h>l2 + U 

■)fei —k I 



< C2 1 ll/fcillvfc^ ■ \\fk2,i2\\x^^+Y^^- 
The main bound (17:331) follows from ^M), (HUD, ([132]), and (17:^31) . □ 

8. Dyadic bilinear estimates II 

In this section we prove the bound (14. ip for A; > 40 and ki < 0. 

Proposition 8.1. Assume k > AO, k2 E [k - 2, k + 2], ki < 0, fk^ e 14, n Wk^, 
fk2 ^ Vk2 n Wk2, and J-'~^{fki) is supported in x [—2,2]. Then 

2'\\xkiO-ir~u;{^,fx) + tr'-ih,*fk2)" 



< C2''^/''||/fcJ|vj^^nVKfcJ|/y 



k2\\Vk^nWk^- 



Proposition 18.11 follows from Lemma 18. 2[ Lemma 18.31 and Lemma 18.41 below. 
We start by decomposing 

fk2 ~ /fc2,2fc2-10 + ^ ] fk2,l2 ~ fk2 ■ %2fc2-10(At2) + Y •^'^2 ■ ^«2(Ai2)- 
«2>2fc2-9 Z2>2fe2-9 

and 

«i>fci+l ;i>A:i+l 



In the decomposition below we make an abuse of notation when we write that fk2,2k2 — 
J2ii<2k2+i ^k2.i2 and fkiM = Y,h<ki+i fki,h ■ One can see in the rest of the paper that this 
notation avoids some unnecessary technicahties. One example of its efficiency is in the fact that 
for any ki < 0, li < ki + 1 

a + m + \t^/mfk^.iA-\fk2,h\ 

and hence we can simply write 

i^ + m + wmfk,M\-\fk,M\- 

Our notation also explains why in the proof of the lemmas below we will always assume that 
h > ki. 
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For any J e Z let fk,,k,j = fk„u "^jI^-^I^,/^)), fk,,h,<J = fk„h-V<j{^ -^{^, fJ')), 
and fk,,k,>J = fkat -Vyj+ii^ -^{^,f^)), « = 1,2. 

Lemma 8.2. With the notation in Proposition \8.1{ for any I2 € [2/^2 — 9, 2k2 + 9] 

^ ^2^=1 /4 I I f^^ \\y^^ ^^^^ I I f^^ I I y^^ ^^^^ . 

Proof of Lemma \8. S[ In view of the definitions and Lemma [2. II (b), it suffices to 
prove that 

I \xkiO ■ (2'' + ^/i)(r - cu{^, fi) + t)-' ■ (/fc, * fk,M) 

+ 2'\\xkiO ■ (r - uji^, /i) + ■ ifk, * id, + I)fk,,i,)\ \^^_^y,^ (8.2) 

< C2^i/^||/fcJ|y^^nVKfe^ ■ (2'''||/fc2,/2lUfc2+yfe2 + \\{df, + I)fk2,i2\ 
For this, it suffices to prove that 

< C2'''/'^\\fk^\\vk^nWk, ■ ll/fe2,«2lUfc2+^fc2 

In view of Lemma [2?T] (a), Lemma [573] (a), (13.141) . and the support assumption 
on J^"H/fci), 

\\^'^iYlh=ki fki,h)\\LlL^, < C2''^/'^\\fk^\\vk^; 

\\^-\fkuh)\\LlL- < C2(2'^+'=^)/^ ■ 2'=-'^||/,J|v.,^ for h>l. ^ • ^ 

Also, using the elementary inequality (17.171) . 



^ C^'^^'Wh^lKnw,,. (8.5) 

li=ki 

We start by estimating the contribution of Ylh=ki f^i^h * fk2M- Using the 
definitions. Lemma I^TT] (a), (c). Lemma 137^ (a). (18. 4p . and (18. 5p . we estimate 



.3) 



h=ki 



2''||Xfc(0 ■ i'T -uj{^,fi) + i) ^T]<:k-io{r -uj{^,fi)) ■ (^ fk,,i, * fk^ 


<C2'=/2||^-^(J]/,,,,*/,,,J||^.^2^^ 

h=ki 
h=ki 

< C2''^^^\\fk^\\vk^nWk^ ■ \\fk2,i2\\xk2+Yk2- 
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In addition, using (12.^ 



h=ki 



h=k\ 
h=ki 

Thus 





ii=fci 



(8.6) 



We estimate now the contribution of fk^^i^ * fk2,i2y 1 < h < k + 2ki — 10. In 
this range we will show that 

< C2^''^/'^2~'i/'^||/fcJ|y^^niyfc^ ■ Il/fc2,«2 lUfc^+^j • 

Let 

Jo denote the smallest integer > /c + fci — /i/2 — 10. 
Using fl2.4p . Lemma I^TT] (a). Lemma (a), and (18. 4p we estimate 

2*^||Xfc(0 ■ {r - fj.) + i)-^r]>j^+i{T - uj{^, fi)) ■ {fk^,h* fk2,i2)\\x, 
<C2'=. 2-^0/^11/,,,, */,„,||,2_ 

< C2'2-'^'/'\\J^-\f,,,J\\,.,^^^ . \\J^-\fk2,i2)\\L^Ll, 

< C2^^i/'^2~'i/'^||/fcJ|y^,^ ■ \\fk2,l2\\Xk2+Yk2- 

As in (17.71) . we decompose 

/fc2,;2 = fk2,l2,<J0 + fk2,l2,<J0 ^ fk2,l2,>Jo = fk2,l2 ' V<Joi'^2 " (6 5 Ai2) ) 1+ (At2 ) 

+ /fc2,«2 ■ %Jo(^2 - a;(^2,/i2))l-(/X2) 
+ /fc2,«2 ■ '7>Jo + l(^2 - t^(6, Ai2)). 

Using (EUD, 

l|/fc2,i2,>JolU2 < C2'-^°/'^\\fk2^l^\\x^^+Yk2- 
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Thus, using the definitions, Lemma [2. II (a), (c), and (18 ■4p we estimate 

,h>Jo)\\LlLl, 

" • (8.9) 

<C2''^\\:f-\u, ,/2,>Jo)IL|L2 ^ 

Also, using Lemma [2.1( a). Lemma [5.31 (a), and the definitions 

ll-^-^(/..A,>^o)IUgL^, < ^2-^0/^2(2'^+^^)/^ ■ 2'=-'^||/,J|v,^. 
An estimate similar to (18.91) then gives 
2^^! |X.(0 ■ (r - ^(^, /i) + 0-'r/<,„ (r - ^(e, /.)) ■ (/fc,,„>jo * fti,,<j,)' ' 

< C2^''i/'^2~'^/'^||/fcJ|yj^^ • ||/fc2,/2llxfc2+yfc2- 

It remains to estimate 2^= 1 1 " - ^^(^> At) + ^)"^% Jo - ^(^> " ifki,h,<Jo * 
fk2 h <Jo)| lyfc' ^^^^ Lemma 15.21 (b) and Lemma 15.31 (b) to exploit some 
additional orthogonality. By symmetry, it suffices to prove that 

'^'"WXkiO ■ - ^(^,/^) + ^)~'v<Joi^ - ■ {fkuh,<Jo * fk,,h,<Jo) 

< C2''i2"'i/'^||/fcJ|y^^nw^fc^ ■ \\fk2,i2\\xk.,+Yk2- 
For (6, Ail), (6,Ai2) e recall that (see (El3])) 

66 



''^ (8.10) 



8.11) 



^[(6,Aii), (6,Ai2)] = -t^(6 +6,Aii + Ai2) +c^(6,Aii) +t^(6,Ai2) = ^ ,^ 

Q + ?2 

X [(v^^i - /xi/eo + (v^6 + /"2/6)] ■ [(V36 + /^i/6) + (V36 - /^2/6)]- 

Thus, for 6 e /,2, /i2 e [22^-11,22'=+"], 6 e 4,, and \fi,\ < 2'=+2fci-9 

|n[(ei,/ii), (6,A^2)]| > 2'=+'=-^|(v^ei + /^i/6) + (v^6 -/^2/6)l- (8.12) 

Let ip : R ^ [0,1] denote a smooth function supported in [—1, 1] with the 
property that 

^(^(s - m) = 1. 
Let e = 2^'^/^. For m G Z we define 

/K,<Jo(^i'^i'^i) = /fci,;i,<Jo(6,A^i,n) ■</'((V36 + /ii/6)/e-H; 



/fctI,<Jofe,/^2,r2) = /fc+,i2,<j„(6,/^2,i-2) ■</'((V36-/^2/6)/e + 



The important observation is that, in view of (I8.12p and the definition of Jq, 
V<Joi'r - ^(6 /^)) ■ {fkS,<Jo * /£',S<Jo) = ^^l^ss |m - m'l < 4. 
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Thus, using the definitions and Lemma EH] (c), 

\m—m'\<4: 
\m-m'\<4 

(8.14) 

Using the bound (17.171) . Lemma [531 (b), and the definitions 



X Win - uJi^,,^^^) 94)(9,, + I)flZ<jL^ 

Thus 

[Eii-^"'(/^I '''' 



<JollL2 

1/2 



We substitute this last bound into (18.141) and, using Lemma [521 (b) and (13.141) . 
we conclude that the right-hand side of (18.141) is dominated by 



1/2 



< C2 ''^^2^i||/feJ|y^^nWfc^ ■ \\fk2,i2\\xk2+Yk2- 

This gives the bound (18.111) . The bound (18. 7p follows from the bounds (18.80 . 
dH]), dHIOD, and dHUD. 

We estimate now the contribution of /fc^^j^ * fk2,i2^ ^ [A; + 2/i;i — 10, 3k] fl [1, oo): 
using ([231), Lemma [2111(a), Lemma [O (a), and ([H3D, 



|Xfc(e) ■ (2^^ + W2')(r - cu(e, /i) + ^)-^ ■ ih,M * 
<C(2'= + 2'-'=)-||/,,,,*/,,,,JU.^^^^ 

< C2'=^/^(2-('-'=-^^^)/^ + 2-(3'^-'^)/2)||/,J|y,^ . ||/,,,J;,,^+^,^. 
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Finally, we estimate the contribution of J2h>3k fki,h * fk2,i2- using (12. 4p and 
Lemma 15.51 



\XkiO ■ (2' + W2')(r - /i) + ^r' ■ ( J2 f^^'^^ * Z'^^-'^) I \x, 

h>3k 

li>3k 

<C2-''[J2\\2^^h.,.*h2M\\hY^" (8-16) 

/i>3A; 

2 11/ l|2 11/2 



(8.17) 



/i>3A; 

The main bound ([HJl) follows from ([HID, (D- dUS]), and (18161) . □ 
Lemma 8.3. With the notation in Proposition \8.1\ 

2''||Xfc(O-(^-^(^,Ai) + 0"^ ■ (/fci * /te,2fc2-io) 

< C2^i/'^||/fcJ|yj^^ ■ ||/fc2,2fc2-io||yfc2nvyfc2- 
Proof of Lemma \8.3[ As in Lemma 18.21 it suffices to prove that 
I ■ (2'=+W2')(r - coi^, /i) + t)-' ■ {fk, * /fc2,2fc2-io) I 

We estimate first the contribution of /^^^/^ * fk2,2k2-io, h G [ki,2k + 10] fl Z. 
Using fl212D . for any J G Z n [-1, oo), 

||^-'(/fc„/„>j)]IU^ < C5^2^V22^^/22'^/2||/,„,,,|U2 

j>J 

<C2"^/22^^/22'^/2||/,,,JU,^ (8.18) 
<C2-^/223'=^/^2-'^/^||/,J|v,^. 

Let 

Jo = 2k + ki-AO. (8.19) 
Using (El, (12121) . and (18181) (with J = -1), we estimate 

2''||Xfc(0 ■ -^(^,/^) + 0"^^>Jo+l(^-^(^./^)) ■ ifkuh * /fc2,2fc2-10)| 
< C2^2"'^°/^| * /fc2,2A:2-lo| ' 



I Xi 



lL2 

< C2'=2-^°/2 ■ ||.F-l(/fc„,J|U^ ■ ||/fc2,2fc2-10||L2 

< C2^i~'i/^||/fcJ|y^^^ ■ ||/fc2,2fc2-10|kfc2+yfc2- 



(8.20) 
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Similarly, using ( l2l4l) . f l2.12p . and (18.181) . we estimate 

2''||Xfc(0 ■ -^(^,/^) +0~^^<Jo(^ -^(^./^)) ■ (/fci,Zi,<Jo * /fc2,2fc2-10,>Jo 

+ 2*^||Xfc(0 ■ -^(^,/^) + 0~^'?<Jo(^ -^(^.y")) ■ (/fci,/i,>Jo * /fc2,2fc2-io) 

< C2''^"'l/^||/fcJ|vfe^ ■ ||/fc2,2fc2-10|Ufe2+yfc2- 

(8.21) 

We observe now that 

V<.h{'T - ■ (/fci,/i,<Jo * /fc2,2fc2-10,<Jo) = 0, 

unless h E [k + ki — 10, /c + /ci + 10] fl Z, which is a consequence of the identity 
(Tfiall . As in (18:201) and (EllD, we estimate 



2''||Xfc(0 • (^-^(^,/^) +0~^%Jo(^-^(^'/^)) ■ (/fcl,/l,<Jo * /fc2,2fc2-10,<Jo)||^^ 

< C2^\\fk-^^l^^<J^^ * /fc2,<2fc2-10,<Jo| 1^2 

< C2''2^''^/^2"'^/^||/fcJ|vj^^ ■ ||/A;2,2fc2-io|kfe2+yfe2- 

(8.22) 

Using Corollary 16. 2[ Lemma [2.11 (b). and the definitions, we estimate 

2''||Xfc(0 • - ^(^,/^) + 0"^^<Jo(^ - ^(^,/^)) ■ (/fcl,/l,<J0 * /fc2,2fc2-10,<Jo)| 

Jo 

< C2'= ^ 2-^/^\\r]^{T - uj{^,fi)) ■ {fk,,iuh * /fc2,2fc2-ioj2)| L2 

j,jl,j2=0 

< C2-'^/' . e ■ 2-^'^-'^^\\h,\\y,^ . l|/.2,2fc2-iolU,,+y,,. 

(8.23) 

It follows from (KT2^ and (Km that 

2''||Xfc(0 • - ^(^7/^) + ^)"^%Jo(^ - ^(^7/^)) ■ {fkuh,<J0 * /fc2,2fc2-10,<Jo)| 

< C2''^/''||/fcJ|vj^^ ■ ||/fc2,2fc2-io||xfe2+yfe2, 
for he[k + ki- 10, + A;i + 10] n Z. Thus, using also fl8:20D and ([821]), 

2fc+10 



J] 2''||Xfc(0 ■ (^-^(^,/^) +^) ^ ■ * /fc2,2fc2- 



10 J 



h=ki 



(8.24) 



,2fc2-io| 1x^,2 +yfe2- 
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We estimate now the contribution of J2i >2A;+ii fki,h * fk2,2k2-w- using (12 .4^ 
and Lemma [5.51 we estimate as in fl8.16p 



I Xk 



/i>2fc+ii " (8.25) 

< C2''i~''||/fcJ|vfe^ ■ ||/fc2,<2fc2-io||xfe2+yfe2- 

The main bound flHTTD follows from iKMt and fl8:25|l . □ 

Lemma 8.4. With the notation in Proposition \8.1\ for any I2 > 2k2 + 10 

,h\\Vk. 

Proof of Lemma \8.4\ As in Lemma 17.41 it suffices to prove that 
I ■ (2'^"' + ^^^/2')iT - coi^, /i) + t)-' ■ if,, * I ■ 



I VkDWk 



(8.26) 



Using Lemma 15.31 and the definitions, for any J G [— l,oo) n Z, fci < 0, and 
h > h, 

\\J'-\fk.M,>j)\\LlL- < C2-^/22^^/^(2'^/^ + 1) ■ 2'=-'^||/,J|v.,^ 

< C2-^/22fei/42-(/i-fci)/2||j^j|^^^_ ^- ^ 

Recall also the estimate fl818|l 

||-^-^(/.„.„>.)]||l^ < C2-^/22'=^2-('-'=^)/2||/,J|v,^. (8.28) 
We estimate first the contribution of fki,ii * /fc2,/2 fo^ 

h e [h, h + 10] \ [k -k2 + h- 10, l2-k2 + h + lO]. (8.29) 

Let 

j^ = l^ + ki- 40. (8.30) 
If I2 — 2/^2 + ki > then we use (12. 4p . (18.271) . and Lemma [5.21 to estimate 

2'^"1|xfc(0 ■ {r - ^(e, /") + ir'v>Jo+iir - ^(e, /")) " * | 

< C2'^ ^2 ^1 |/a:i,/i * /fc2,«2| 1^2 

< C2'-2'=^||^-l(/,„,J|Ug^^^^ ■ \\T-\fk2,l2)\\L^Ll, 

< C2('-^^^)/^ . 2'^/^2-(^^-^^y^ II/,, 1 1 v^,^ . 1 1/,2,2 1 U.2+y.2 • 
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If k -2k2 + h<0 then we use (El, (ESHD, and (^A2^ to estimate 
2''~''| |Xfc(0 • - ^(^, + 0"^^>Jo+i(^ - ^(^> ■ ifki,h * fk2M) I Ix, 

< C2('-^^^)/^ .2^^/^2-('-^^)/^||/,J|v^,^ . ||/.,,JU.,+n,. 

Thus 

Using the bound (K28^ . ([23D, and fl2J2D . we estimate 

,h,>Jo I 1^,2 

,«2,>JoI|l2 

< C2('-^^^)/^ . 2'^/-2-(^^-^^y^ II/,, 1 1 v^,^ . II/,,,, I U,,+n, . 
Using (E2H!), (I23D, and (EH, 

2''"^||Xfc(0 ■ +0~^%Jo(^-^(^>/^)) • (/fcl,«l,>J0 * fk2,h,<Jo) 

< C2'^~^| |/fcj,,,>jQ * /fc2,/2,<Jo| L2 

< C2'^~^||J'"^(/fe,,/,,>J„)||Loo ■ ||/fc2,/2,<Jo|U2 

< C2^^^-''-^y^ ■ 2^^/^2-('-^^)/^ II/,, 1 1 ■ II/.,,, I U.,H-r., . 
Finally, we observe that for li as in (18.291) 

V<Jo{t - ^(^./^)) ■ {fkl,h,<J0 * fk2,l2,<Jo) = 0' 

which is a consequence of the identity f l7.13p . Thus, for li as in (18.291) . 

^'^-'WxkiO ■ (r - cu(e, ^) + t)-' ■ {h,,H * /fc2,/2) I \x, 

< C2('-^'=^)/^2'=^/^2-('-'^^)/^||/,J|^,^ . ||/.„dU.,H-y.,. 
We estimate now the contribution of /,,,, * /fc2,/2! 

/i G [/s ~k2 + ki- 10, /2 - /i;2 + A;i + 10]. 

Let 

Ji = 2k + 2ki - 40. 
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As in (lOTD . (lOHi) . and (104D . using also 2^^-^^ ^ 2^'2-'^ we estimate 



I Xk 



r — yu) + i) ^r7< (t — a;(^, yu)) ■ {fkx,h,>Ji * /fc2,'2,<-'i) I 
< ^2('-^^^)/22'=^/2||/,J|v^,^ ■ ||/,,,JU,^+y,^. 

(8.36) 

In addition, using Corollary 16. 2[ Lemma [271] (b). and the definitions, we estimate 

2''"^||Xfc(0 ■ {T-uj{i,^) + i)-^r]<j^{T-uj{i,^)) ■ {fk„h,<J.* fk2,h,<Ji)\\x, 
Jl 

<C2'--' Yl 2-^/'||r/,(r-.;(e,/i))-(/fc,/„,,*/,„,,,,,)||^, 
iJi j2=o 

< C2^'~' E 2-(^'=+'=^)/2 • 2^-^/^||/.,,,,JU2 • 2^V2||;^^_^^^^.j|^, 

< C2^l/^||/fcJ|y^^ • ||/fc2,«2lUfc2+^fc2' 

(8.37) 

since we may assume that k + ki > (compare with the definition of Ji). 

We estimate now the contribution of X]ii>i2+ii ^^-'i-'i * /'c2,/2- using 02.41) and 
Lemma 15.51 we estimate as in fl7.43p 

||x.(0-(2'^~' + W2')(r-c.(e,/x)+^)-^-( Yl hiA*fk.M)\\xk 

h>i2+n (8.38) 

< C2 1" ||/fci||Vfc^ ■ ||/fc2,«2l|Xfc2+yfc2- 

The main bound (18:261) follows from flH^SD . fl836|) . ^M), and flH^SD . □ 

9. Dyadic bilinear estimates III 

In this section we prove the bound (14. ip for k < 40. 

Proposition 9.1. Assume k < 40, ^2 e [A;-2,A;+2], ki < k-20, fk^ e Vk^nWk^, 
and G Vfc2 n ■ Then 

21|X.(0 ■ (r - a;(^,^) + z)-^ ■ Uk. * A2)||v^,n^, 

< C2'''/^||/A;J|y^^nvi/fe^ ■ ll/felkfc^niyfcj- 

Proof of Proposition \9.1\ We show first that 

2'||X.(0 ■ (r - uJ{i,^^) + ^r' ■ [f^, * fk2)\L < C2'^'^\\f,,\\y^^ ■ ||/,,||v^,^. (9.2) 
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Using (12 .4^ and the definition (12.61) . the left-hand side of (19.21) is dominated by 



IL2 



(9.3) 



c\\ii + \fi\)-XkiO-ifk,*fk,)\ 
< cWiMkA) * l/fel IIl^ + c\\ l/fcj * [(1 + MlfkML^- 

We observe now that, for i = 1,2 

\\J'-\\fkML-<cY,\\hrViif^)-vAr-^iLmL^ 

l,j>0 

i,j>o (9.4) 
< C2'^^/'Y.'^^/'\\h, . (1 + H) ■r^,(r-a;(e,/i))|k2 



<c2''^'\\fk^ 



L2 



Thus, using also (12.121) . the right hand side of (19. 3p is bounded by 

■ fkAlL^ ■ WJ'-WfkML- + c\\j'-\\fkA)\M\{i + Mfk, 

< ^2^=^11(^1/2^^) ■/,JU,J|/fc.||y., +C^2'=^/'||/,J|v,J|(l + 

This completes the proof of (19.21) . 
We show now that 

(9.5) 

In view of the definition (12. 7p . the left-hand side of (19.51) is bounded by 

C2^| |Xfc(0 ■ - ^(e, ^A + 0"' ■ (/fcx * /fe) 1 1;,, 

+ ^2^=1 |x,(0 ■ (r - ^) + z)-^ ■ (/,, * (9^ + 

The first term in (19. 6p is dominated by the left-hand side of (19. 3p . We use (12.41) . 
(19. 4p . and (I2.12p to estimate the second term in (19. 6p by 

C2''\\h,*{d, + I)h,\\^,<C\\:F~\hML--\\{d, + I)fk,\\L^ 

<C2'^"\\h^\x,^■\\{^, + I)h,\\x,^, 

which suffices for (19.50 . □ 



10. Dyadic bilinear estimates IV 
In this section we prove the bound (14. 2p . 
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Proposition 10.1. Assume /ci,/c2 G Z, \ki — < 100, fk^ G V^^ fl Wk-^, and 
fk2 e Vk.nWk,. Then 

1 1/2 



|2 



feez 



(10.1) 



Proof of Proposition \10.1\ We show first that 

11/2 



[El |2'x.(0(r - + ■ * /.J I 



|2 



fcez 



1/2 



(10.3) 



< C'll/feilkfci ■ Il/fc2lkfc2- 

(10.2) 

Using (12. 4p and the definition (12.61) . the left-hand side of (110. 2p is dominated by 

c[ElKi + 2'' + l/^l)x.(0-(/..*AJ||L 

feez 

< C{2'^+^^ + l)||/fc, * + C\\^^■ {fu, * /,J|U2. 

Using Lemma 15. 5[ the first term in the right-hand side of (110. 3p is dominated by 

C{2>'^ + i)||^-i(/,J|U4 . (2^^ + iW~\fkML^ < cWfkAlv,, ■ Wfk^Wn,. 

The second term is bounded by 

< C2'''||/fcJ|y^^ ■ 2''''^\\fk2\\vk^ + C2'^^\\fk^\\v^^ ■ 2'''||/fc2||yfe2• 
This completes the proof of (110. 2p . 
We show now that 



|2 



1/2 



< C'll/fcilkfc^ ■ WfkiWvk^nWk^- 

(10.4) 

In view of the definition (12. 7p . the left-hand side of (110. 4p is bounded by 



fcez 



1/2 



+ C [E I |2'Xfc(0(r - ^(e, yu) + ^)-' ■ (/fc. * {d, + I)f, 



k2)\\x,+Yk 



1/2 



(10.5) 



The first term in (I10.5P is dominated by the left-hand side of (110. 2p . which suffices. 
Using (12. 4p and Lemma 15.51 the second term in (110. 5p is bounded by 

C2'=^||/,,*(9^ + J)/,,||z.. <C||^-i(/,J|U4-2^^||^-i((9^ + /)/,J|U4 

< C'll/fclllVfe^ ■\\{9fJ, + /)/fc2|Ufe2+l'fc2- 
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This completes the proof of f ll0.4p . 

The proposition follows from the estimates fll0.2p and fll0.4p . □ 
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